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Effect of Periodic Accelerations on Interface Stability in a
Multilayered Fluid Configuration

M. J. Lyell* and Michael Roht
West Virginia University, Morgantown, West Virginia 26505

The increasing number of research opportunities in a microgravity environment will benefit not only fun-
damental studies in fluid dynamics, but also technological applications such as those involving materials pro-
cessing. In particular, fluid configurations that involve fluid-fluid interfaces would occur in a variety of exper-
imental investigations. This work investigates the stability of a configuration involving fluid-fluid interfaces in
the presence of a time-dependent (periodic) forcing. The fluid configuration is multilayered and infinite in extent.
The analysis is linear and inviscid, and the acceleration vector is oriented perpendicular to each interface. A
Floquet analysis is employed, and the resulting algebraic eigensystem is truncated. Nondimensional parameters
appear in the algebraic system. A numerical study is performed to elucidate the regions of instability and the
effect of parameter variation on the fluid configuration stability.

Nomenclature
A,B_ = matrices representing final system
A(f) = time-dependent coefficient, nondimensional
Bo = nondimensional parameter, = (p^IPGJy)
Fe = equilibrium interface, nondimensionalized
Fr = nondimensional parameter, = [GJ(H&J)}
G0 = peak value of forcing, dimensional
g(t) = forcing term, nondimensionalized
H = height of middle slab, dimensional
k = wave number of perturbation, nondimensional
n = outward pointing unit normal to interface
p = pressure field, nondimensionalized
u = velocity field, nondimensionalized
t — time, nondimensionalized
7 = surface tension
\ = Floquet exponent, eigenvalue
p = density
(|> = velocity potential, nondimensionalized
coy = frequency of periodic acceleration (forcing)

Subscripts
I = (finite) middle layer fluid region of height H
II = upper layer (unbounded) fluid region
III = lower layer (unbounded) fluid region
2 = upper interface
3 = lower interface

Superscripts
(J = differentiation
( ) = unit vector (e.g., ex, ey, ez, n or part of vector defi-

nition (e.g., f)
( ) = dimensional quantities
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Introduction

C URRENT interest in microgravity materials processing
has focused attention upon certain relevant aspects of

fluid mechanics in this environment. In particular, a number
of materials processing applications involve fluid-fluid inter-
faces.

The environment onboard the Space Shuttle is not strictly
a microgravity environment. Rather, residual accelerations
exist that could affect any ongoing materials science or space
processing experiments. A recent summary1 indicates that
accelerations include those in the frequency range of <10 Hz,
with acceleration levels ranging from 10 ~6 gearth to 10 ~3 gearth.
In addition to periodic forcing, residual accelerations may be
of impulse type, due to such causes as stationkeeping ma-
neuvers and astronaut motion.2

This work investigates the effect of periodic accelerations
on the interface stablity of an idealized fluid configuration.
The fluid configuration is multilayered and infinite in extent
(see Fig. 1). The accelerations are periodic about a zero mean
g level and are oriented normal (in the ez direction) to each
interface.

Previous work has investigated the stability of a single planar
free surface subject to periodic forcing in the direction per-
pendicular to the interface.3'4 These studies were both done

region n pn, $n

region I plt H

region III pm» <ton

p SB density of subscripted region
ty = potential function of subscripted region

Y = surface tension of subscripted interface

Fig. 1 Multilayer fluid configuration geometry schematic.
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in a terrestrial environment and required the use of a con-
tainer. In the work of Benjamin and Ursell,3 the container
was cylindrical in shape. Their analysis resulted in a Mathieu
equation that governed the time-dependent amplitude of the
disturbance. They were able to make statements concerning
the interface stability based on known mathematical prop-
erties of Mathieu equations. The case of a rectangular con-
tainer has been addressed recently,4 and the results extended
into the nonlinear regime. Both of these investigations utilized
an inviscid analysis.

The effect of viscosity on the stability properties has been
studied recently in idealized infinite or semi-infinite config-
urations that had one fluid-fluid interface.5-6 Again, the pe-
riodic forcing was directed normal to the interface. One the-
oretical investigation was done assuming a zero mean g level
and pertains to the microgravity environment.6 Results were
obtained for different regions of parameter space, and some
stability boundaries were determined.

The present work will study the stability of an idealized
multiple-layer fluid configuration that is infinite in the ex and
ey directions (as well as unbounded in the ez direction) and
is subjected to periodic forcing normal to each interface. The
height of the middle layer is finite. In general, the densities
in each region differ, as do the surface tension values at the
upper and lower interfaces. The analysis is linear and inviscid.
A Floquet analysis is employed. Details of the analysis are
presented in the next section.

The configuration is idealized, as was the case in previous
work. However, the use of nondimensional parameters in the
stability investigation will enable trends to be discerned and
parameter regions (of instability) to be identified.

Equation Development
Governing Equations

The governing equations are those of conservation of mass
and momentum applied to an inviscid and incompressible
fluid, and are

V • u = 0

+u-Vu= -Vp-p

(1)

(2)

The time-dependent body force term is indicated in Eq. (2).
G0 represents the peak value of the acceleration due to the
periodic forcing. The function g(co/) is periodic and will be
taken to be a cosine function. The fluid system is linearized
about a state of zero mean motion, and quadratically small
terms (after expansion in a small parameter e) are neglected.
Use of nondimensionalizations

yields

x = H x, t =

u = H(tif u, p =

V - if - 0

fii|t--v,-
#(!>

8(t)

(3a)

(3b)

(4)

(5)

The parameter Fr = (GJHuf) is taken to be roughly of order
1. Note that the mean pressure field will be periodic in time.
(Also, p is expanded into both a mean and perturbation con-
tribution.) A potential function ((> with u = V4>, is defined.
Substitution into Eq. (4) yields Laplace's equation. Pertur-
bations are taken to be wavelike in the (xy) plane. That is,
they are oscillatory. The resulting differential equations (in

z) are solved in the middle, upper, and lower regions to yield

eh = {A(t) Qxp(kz) + B(t) exp( - kz)} exp(i[lx + my]) (6a)

4>n - (C(f) Qxp(-kz)} exp(i[lx + my}) (6b)

<!>!„ - {D(t) exp(kz)} Qxp(i[lx + my]) (6c)

Note that A, B, C, and D are time-dependent coefficients.
The wave number k is given by V(/2 + m2).

Equations representing the upper and lower equilibrium
interfaces are

Fe2 = z - 1 - 8 E(f) Qxp(i[lx + my]) (7)

Fe3 = z - e F(t) Gxp(i[bc + my]) (8)

Note that E and Fare time-dependent coefficients. Thus, for
example, the functional form of the perturbation to the mean
interface at z = 0 is given by the expression E(t) exp(i[lx +
my]). At this stage, the time-dependent coefficients are un-
knowns.

Boundary Conditions
The kinematic condition, which holds at each interface,

requires that

(9a)+ » • VFe = 0
at

After linearization, only the uz velocity component will con-
tribute. This results in

E(t) + k C(f) e~k = 0 on z - 1 (9b)

-F(t) + k D(t) = 0 on z = 0 (9c)

In addition to the kinematic condition, the normal com-
ponent of the velocity is continuous across an interface, which
yields

dz

dz

dz

dz

on z = 1 (lOa)

on z - 0 (lOb)

or

A(t) e2k - B(f) = - C(t) on z = 1 (lOc)
A(t) - B(t) = D(t) on z - 0 (lOd)

The remaining boundary condition is the (linearized) normal
force balance across an interface. In nondimensional form, it
is

(Bo/Fr) (Ap) = V - n (11)

The unit vector n is the linearized outward pointing normal
to the interface. After substitution, Eq. (11) yields

{([Pn - Pj

on z = 1

{([Pi - Plll] (Pl/Pav) [A(t) + B(t)]

on z = 0

(12a)

(12b)
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with

Bo2 = (Pav H2

Bo, = (p,v H* G0/y3)

Fr = G0/(//co/)

The term 72(^3) indicates the surface tension at the upper
(lower) interface.

Final System of Equations
Through the utilization of Eqs. (lOc) and (lOd), the C(t)

and D(t) coefficients can be eliminated to yield the following
system:

-{-3(1 + P21)/(l + P21 + P3l)}**'

B(t) {3(p21 - 1)7(1 + p21 + p31)} e-*

E(f) {3(p21 - 1)7(1 + p21 + p3i)}Frg(0

(FrlBo2) k2 E(f) (13a)

The value of n varies from — <» to oo. The infinite set of
homogeneous equations can be written in matrix form as

A(f) {3(1 - p31)/(l + p21 + p31)}

+ 5(0 {3(1 + P3i)/(l + P21 + P3l)l

+ F(0{3(1 - P31)/(l + P21 + P3i)}

= (Fr/Bo3) k1 F(f)

E(f) = k (A(f) ek - B(t)e-*}

= k{A(f) - B(f)}

(13b)

(13c)

(13d)

with p21 = (pn/Pi) aild p31 = (pm/Pi).
The governing system of equations has been reduced to

four ordinary differential equations (in time) with noncon-
stant coefficients and with four unknowns. It remains to de-
termine the stability of this system for various values of the
parameters Fr, Bo2, Bo3, p21, p31, and k. As was mentioned
previously, .g(i) is chosen to be cos(f).

Floquet theory7 can be applied to system (13). Let the time-
dependent coefficients be expressed as

{A(f),B(f),E(t\F(t)} = An,Bn,En,Fn} <**e" (14)

The system of four ordinary differential equations in time
is now re-expressed as an infinite algebraic system, with the
Floquet exponent appearing as another parameter. That is,

e«(\ + in) {-3(1 + p21)/(l + P2i + PsOM,
+ e-*(X + *«){3(p2l - !)/(! + p21 + p3l)}Bn

- (Fr/Bo2)PEn + {3(p21 - 1)1(1 + p21

+ p31)}(Fr/2) (£,_, + £„ + , ) = 0 (15a)

(X + in) {3(1 - p31)/(l + P21 + P3OM«

+ (X + in) {3(1 + p31)/(l + p21 + P3i)}5n

- (Fr/Bo3)k2Fn + {3(1 - p31)/(l + p21 + p31)l

x(Fr/2)(Fn.l+Fn+l) = 0

(X + in)

(15b)

(15c)

(15d)

or

{Brl (A) - \I}x = 0

Ax = \B_x

(16a)

(16b)

The latter representation is in the form of a generalized ei-
genvalue problem. The Floquet exponent X serves as the ei-
genvalue. The infinite column vector x contains (An,Bn,En,Fn)T.
For details concerning the form of matrices A and B_, and
column vector £, see the Appendix.

The sign on the Floquet exponent/eigenvalue X indicates
the stability. If X is a positive value, then the disturbance will
grow and the interface configuration will be unstable. As this
is a linear analysis, no information can be obtained concerning
the finite amplitude (nonlinear) form of the configuration.
Numerical methods are used to determine the value of X for
different values of the parameters. These are discussed in the
next section along with various results.

Results
Comments on Numerical Method

The linear algebraic system given by Eqs. (16) is truncated.
Results are presented for a truncation value of n = |25|, which
involves a system of 204 equations. This resulting system forms
a generalized eigenvalue problem, with the matrices A and
B_ having complex entries. At this level of truncation, both
A and B_ are sparse.

Eigenvalue techniques were used to determine X values.
An IMSL routine (DGVLCG), based on art LZ algorithm,8

was utilized. In particular, we are interested in the value of
the largest Real(X), which gives the fastest growing mode. If
Real(X) is positive, the perturbation is growing exponentially.
Hence, the fluid configuration is then unstable with respect
to the perturbations in the presence of the unsteady periodic
acceleration (forcing) field.

Several checks were made to insure that the eigenvalues
obtained were correct. Higher truncations yielded the same
largest Real(X) value. As an additionalcheck, the generalized
eigenvalue problem was reformulated as a standard eigen-
value problem of the form (R.~1A - X /) Jt = 0 and the ei-
genvalues of this new system were determined. This was done
by utilizing an alternate IMSL routine (DEVLCG) based on
a different numerical algorithm. Again, the values of Real(X)
were in agreement with those obtained previously. As a final
check, a limit case was run (for various parameter values).
The value of Bo2 was set to infinity, which is equivalent to
setting the surface tension at the upper interface to zero. In
addition, the densities in regions I and II were set to the same
value. This limit case represents the one interface case. The
actual one interface case was developed separately. Results
obtained from using the two interface system (and code de-
veloped for it) in the aforementioned limit case and from
solving directly the one interface system agreed quite closely.
Discussion of Results

A parametric study was performed to investigate the effects
of variation in Bo2, Bo3, Fr, and the density ratios with wave
number. Because of space limitations, a subset of results that
were obtained are presented. (These are illustrative and typ-
ical.) In each case, if the periodic forcing function g(0 were
to be set to zero, and with the mean gravity level zero, the
configuration would be stable to the wave-type small ampli-
tude disturbances. That is, the interface would simply oscil-
late. It is only with the forcing, and in the indicated parameter
regions, that instability does result.

The values of the wave numbers vary between 0.10 and
5.00. Although not all results are presented, the investigation
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Fig. 4 Effect of Bo on stability: p21 = p31 = 0.001225; Fr = 0.50.

considered Bo2 values of (1.0, 0.1, 0.01, 0.001). The values
of Bo3 were set equal to Bo2, or were twice those of Bo2 in
different studies.

Figures 2-10 show graphs of Real(X) vs wave number for
various values of Bo2, Bo3, Fr, p21, and p31. Note that Real(X)
is the largest eigenvalue and represents the fastest growing
(unstable) wave if positive. Regions for which Real(X) < 0
are indicated by being set equal to zero in the graphs. That
is, the value of Real(X) < 0 is not of interest.

In Figs. 2-7, the effect of Bo2 and Bo3 on stability for
different Fr and density ratos is elucidated. In Fig. 2, Bo2 is
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set equal to Bo3 for the density ratios p21 = 1.0 and p31 =
0.001225 and for Fr = 5.00. The unstable wave number region
is broadest for the largest Bo2(Bo3) values. As Bo2(Bo3) is
decreased, the unstable wave number region shrinks to en-
compass fewer k values and tends toward the lower k region.
For low Bo2(Bo3) values, this two interface configuration is
unstable to the longer wavelength disturbances in the presence
of periodic forcing. The effect of a decrease in Fr, keeping
the other parameter values the same, is seen in Fig. 3. The
range of unstable wave numbers broadens, with smaller wave-
lengths falling into the unstable region.
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The density ratios indicated in Figs. 4 and 5 pertain to a
gas-liquid-gas configuration. As was the situation in the pre-
ceding two figures, the broadest range of unstable wave num-
ber values occurs for the largest Bo2(Bo3) value. As Fr is
decreased, the unstable wave number band encompasses larger
values (corresponding to smaller wavelength disturbances).
Inspection of Fig. 5 shows a slight separation in unstable wave
number bands near k = 2.175. This k value falls into an
unstable region at the smaller Fr value given in Fig. 4. Note
that the configuration represented in Figs. 4 and 5 is stable
when Bo2(Bo3) is 0.001. That is, Real(X) > 0 only for the
larger Bo2(Bo3) values in the indicated k ranges.

The effect of Bo2 not equal to Bo3 on the configuration
stability is shown in Figs. 6 and 7 (for the given values of Fr
and density ratios). In Fig. 6, the Bo values are equal. This
is changed in Fig. 7, with Bo3 twice Bo2. Physically, the in-
crease of Bo3 while keeping Fr fixed can be interpreted as a
change (decrease) in the surface tension value at the lower
interface. The predominant effect is to broaden the range of
unstable wave numbers for each set of Bo2, Bo3 values. Note
that the numerical value of the real part of the Floquet ex-
ponent X is increased for Bo3 twice the value of Bo2, indicating
a faster growing "fastest growing" disturbance at the lower
Bo2 values.

In Fig. 8, the effect of holding the (Bo2,Bo3) values fixed
(for the specified density ratios) and varying Fr is shown. As
Fr is decreased, the range of unstable wave numbers increases.
Physically, this can be interpreted as a decrease in configu-
ration stability with respect to the wavelike disturbances for
somewhat larger frequencies of the periodic forcing.
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Fig. 8 Effect of Fr on stability: p21 = 1.00; p31 = 0.001225; Bo2 =
0.01; Bo3 = 0.005.
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Fig. 9 Effect of height variation: Fr = 9.8 cm/H; Bo2 = Bo3 =
0.00196 x H2cm-2; p21 = 0.80; p31 = 1.20.

The height of the finite middle slab is a physical quantity
that appears in both the Bo and Fr nondimensional param-
eters. In particular, Fr is inversely proportional to the height,
whereas Bo depends on the square of the height. An increase
in height H implies a decrease in Fr and an increase in Bo.
As was seen in Figs. 2-7, the region of instability in wave
number space becomes larger as Bo increases. From Fig. 8,
it is seen that the broadest region of instability (with respect
to k) corresponds to the smallest Fr values. It is anticipated
that an increase in H will result in an unstable configuration
for a broader range of k values. This is borne out in Fig. 9.
Results are presented graphically for the case G0 = (10 ~4

£earth)> °V = 0.1 Hz, and y2 = y3 = 50 dynes/cm. In addition,
p21 = 0.8 and p31 = 1.2.

The effect of density ratio difference on stability is pre-
sented in Fig. 10. Values of p21 and p31 represent the density
ratios of the upper and lower regions to that of the middle
layer, respectively. Among cases indicated, the largest mag-
nitude difference in the density ratios is (p31 - p21 = 9). This
corresponds to the case having the largest range of unstable
wave numbers. Note that all three cases belong to a family
with p2i = 1.0. In addition, the case in which both density
ratios were set to 1, indicating equal densities in all three
regions, was addressed. Under the action of periodic forcing,
lack of density differences among the layers results in lack of
instability.

The wave number at which the subharmonic occurs is plot-
ted in Fig. 11 for a range of Fr values at the indicated Bo
values and density ratios. It is seen that there is a shift of the
subharmonic to lower wave numbers as Fr increases, i.e., as
the forcing frequency decreases.
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Fig. 13 Stability boundaries: cases p21 = 1.00, p31 = 10.00; and p21
= 1.00, p31 = 0.001225.

Stability boundaries of Fr vs k are plotted in Figs. 12 and
13. (Recall that Fr is inversely proportional to the square of
ay) This is done for configurations of different density ratios
(as indicated by the different area fill patterns). Moreover,
on each graph, multiple values of Bo2,Bo3 are represented.
The unstable regions are indicated by the rectangular filled
regions. No meaning is ascribed to the width of the rectangles.

Conclusions
The effect of periodic accelerations on the stability of a

multilayered, two interface, unbounded fluid system has been
studied using Floquet analysis. In addition to the wave num-
ber, five parameters appear in the problem: Bo2, Bo3, Fr, p21,
and p31. Fr is inversely proportional to the square of the forc-
ing frequency, and Bo2(Bo3) is inversely proportional to 72(^3)-

Several trends were discerned in the parameter study. For
fixed density ratios p21 and p31, as well as fixed Fr, the range
of unstable wave numbers increases as Bo2(Bo3) increases. If
it is only the parameter Fr that is varied, it is found that the
range of unstable wave numbers increases as Fr is decreased.
(Note that the variation in Fr values is very limited.) Physical
interpretation of these trends has been presented in the pre-
ceding section.

Although the comparison is not presented graphically, the
multilayered fluid system was found to be, in general, more
unstable than the one interface fluid configuration. That is,
the range of unstable wave numbers is smaller in the one
interface case. In particular, the greatest contrast was in the

low k region. This conclusion was determined through con-
sideration of a limit case that involved setting Bo3 to infinity
and p31 to 1 in order to study the effect of having only one
interface using the code developed for the two interface con-
figuration. In this way, the parameters are consistent in both
problems.

In the stability boundary diagrams of Figs. 12 and 13, the
rectangular filled regions indicate instability. It is clear that,
over the indicated range of Bo2(Bo3) and Fr values, the con-
figuration is generally unstable at lower wave numbers (k <
1). An exception is the gas-liquid-gas configuration (p21 = p31
= 0.001225) at lower Fr values. Note also that the regions of
instability are punctuated by stable regions for the range of
Bo values and all but the highest Fr value.

The configuration used in this study was idealized. In an
actual space processing application, the fluid configuration
would not be infinite in extent. Boundary conditions pertinent
to the specific application would have to be taken into ac-
count. Nevertheless, the results obtained in this study can be
used in a qualitative manner when considering a specific ma-
terials processing geometry.

For example, it has been determined that the multilayered
fluid system is, in general, unstable over a broader range of
k values than the one interface fluid configuration. This has
implications for a float zone processing technique in which
the fluid cylinder is multilayered. Also, the investigation into
the important subharmonic case shows that it occurs at wave
numbers that increase with decreasing Fr values. That is, in
the more unstable Fr range, the subharmonic (Floquet ex-
ponent \ = ¥) will occur at smaller values of the perturbation
wavelength. A materials processing fluid configuration then
could be susceptible to instability due to small wavelength
fluctuations in the presence of periodic forcing. The nondi-
mensional idealized system has been studied over the range
of parameter values relevant to a microgravity environment
(including the Space Shuttle) , as can be seen from the Intro-
duction. Configurations involving fluids of specific interest
can be investigated at greater length using this methodology.

Appendix
The form of the column vector x is given by

The form of matrix B is given by

. . - 1 0 0 0 . .

. . 0 - 1 0 0 . .

. - 0 0 - 1 {(p21-

. . 0 0 {(P31 - l)/(p3i + 1)} -1..

(Al)

P*)}*-2*

(A2)

' • • (A3)

The form of matrix A is given by

. . .0 0 0 0 in 0 -kek ke~k 0 0 .

. . .0 0 0 0 0 in -k k 0 0 .

. . . pi 0 0 0 P2 0 in P3 p4 0 .

. . . 0 p5 0 0 0 p6 p? in 0 p8. . .

with

al = (1 + p21 + p31), a2 = (1 - P2i)/(l + P2i)

a3 = (1 - p3i)/(l + p3i), a4 = (1 + p21)

a5 = (1 + p31), pi - (Fr/2)e~koL2

p2 = (Fr/3£o2)&2e-*al/a4, p3 - (in)e-2ka.2

p4 - (Fr/2)e-ka2, p5 - (Fr/2)a3
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36 - -(Fr/3Bo3)k2al/oi5, p7 - (in) a3

p8 = (Fr/2)oi3
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